Phurong trinh khéng mau murc Tran Xudn Bang- GV Trieong THPT Chuyén Qudng Binh

PHUONG TRINH KHONG MAU MUC

Ta xem phwong trinh khong miu mure nhirng phuong trinh khong thé bién do6i
tuong tuong, hoac bién doi hé qua tir dau cho dén khi két thiic. Mot su phan loai
nhu thé chi ¢6 tinh twong dbi.

I. PHUONG TRINH GIAI BANG PHUONG PHAP PAT AN PHU.

1. Muc dich dit 4n phu.

1.1. Ha bac mét sé6 phwong trinh béc cao.

o Pua mot sé phwong trinh bic 4 vé phwong trinh triing phwong.
Phuong trinh bac bén: ax* + bx’ + cx” + dx + e = 0 (a=0 ) dua vé duoc phuong
trinh tring phuong chi khi do thi ham sé:
f(x) = ax” + bx’ +cx* +dx + e
c6 truc doi xung. Goi x = X 1a truc dbi xung. Phép dit an phu x = xy + X s€ dua
phuong trinh ax” + bx’ + ¢x” + dx + e = 0 vé phuong trinh tring phuong.
Vi du 1: Giai phuong trinh x*-4x> - 2x* + 12x - 1 =0
Giai. Paty =x* - 4x’ - 2x* + 12x - |
Gia st dudng thing x = X, 12 truc dbi xtmg ctia do thi ham sé.

p 5 = X r
Khi d6 qua phép bién déi: {x 0% % ham s6 da cho tr thanh:

y=Y
Y = (xo+ X)* - 4(x0+ X) - 2(x0 + X)? + 12(x0 + X) - 1
= x4+ 4XX+ 66X +4x X+ X' -
- dx) —12x X —12x,X° - 4X°-
- 2x§— 4x, X — 22X+
+12x,+ 12X —
-1
4x,—4=0
4x§—12x§—4x0+12=0
Suyra:xo=1vaY=X"- 8X*+6
Phuong trinh d3 cho twong duong voi: X' - 8X*+6=0 & X* =4 +/10
e X =+J4-410, X = +/4+10
Suy ra phuong trinh c6 4 nghiém: x = 1+/4-/10 , x = 1 £y/4++/10

Y la ham sO chan cua X < {

Vi du 2: Giai phuong trinh x* + 8x> + 12x*- 16x + 3 =0
Giai. Paty = x* + 8x’ + 12x” - 16x + 3. ‘ ’
Gia st duong thang x = X 1a truc doi xting ctia d6 thi ham so.
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x=x,+X_ L oan ) .
0 ham so da cho tré thanh:

Khi d6 qua phép bién doi: {y _y
Y = (x0+ X)* +8(x0 + X)® + 12(x0 + X)* - 16(xg + X) + 3 =
= X+ 40X+ 66X +4x,X 0+ X' -
+8x) + 24x. X +24x, X+ 8X 7+
+12x) +24x,X + 12X ° +
~16x,— 16X +
+3
Y 1a ham s6 chan, suy ra: xo = - 2
Y =X"-12X*+35
Y=0o X°=5 X=7To X=4/5,X=+/7
Suy ra bon nghiém X =-2 +/5, X =-2 +7

Bai tip twong tu:
BT1. Giai phuong trinh 2x* - 16x” + 43x” - 44x + 14 =0
PSé: x =2 i%,x=2 +/2.
BT2. Giai phuong trinh 6x* + 24x> + 23x*-2x -1 =0
PSé: x=-1 i\/g,x:— 1+ E.
3 2
e Duwa phwong trinh bdc bén dang: (x -a)(x - b)(x - ¢)(x - d) =m, trong do a + d
= b + ¢ vé phwong trinh bdc hai.
Do a + d = b + ¢ nén phuong trinh da cho twong duong:
x-aEx-d)x-b)(x-c)=m & [x% - (a+d)x + ad] [x* - (b+c)x + bc]=m
{(X +ad)(X +bc)=m

X —(a+d)x=X=x"—(b+0c)x

Phuong trinh da cho chuyén duoc chuyén vé: (X +ad)(X +bc)=m
& X+ (ad + bc)X +abed -m =0
Vi du 1: Giai phuong trinh (x - 1)(x -2)xX + 3)(x + 4) = 14.
Giai. Phuong trinh da cho tuong duong véi:
x-DE+3)E-2)(x+4)=14
o X +2x-3)(x*+2x-8)=14
{(X -3)(X -8)=14 {

X*-11X+10=0 X=1,X=10
X+2x=X A

x2+2x:X X2+2X=X

ox=-1+/2,x=-1+J11.
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Vi du 2: Giai phuong trinh X -DE+2DxE+4)=7
Giai. Phuong trinh d2 cho twong dwong véi:
x-DE+dHE+DHx+2)=7
X +3x-4H)E*+3x+2)=7

X-4H(X+2)=7
P ( X ) X?*-2X-15=0 X=-3X=5 —3+./29
X +3x=X 5 RS " &S X =
x +3x=X x +3x=X 2

Vi du 3: Tim tit ca cdc gid trj ctia tham sb m dé phuong trinh sau:
x*- DX +3)(x+5) =m
a) C6 nghi¢m.
b) C6 bdn nghiém phan biét.
Giai. Phuong trinh da cho tuong duong véi:
X-DX+5)+1DEE+3)=m
o & +4x-5)E +4x+3)=m

N {(X —HXA3)=m {XZ “2X-15=m ()

X +4x=X 5
X +4x=X 2)

a) Phuong trinh (2) c6 nghiém < X > -4
Phuong trinh da cho c¢6 nghiém chi khi phuong trinh (1) c6 nghiém X > - 4.
[ f(-4)<0

A'>0
feaz0
b

——2>-4
2a

Cdch 2: Ham s6 f(X) = X*-2X - 15, X > - 4 ¢6 £'(X) = 2X - 2. f(X) lién tuc trén
[- 4; + o) va c6 cuc tiéu duy nhat trén d6 tai X = 1.

Suy ra, trén [- 4; + «~) ta c6 min f(X) = f(1) = - 16. Vay phuong trinh (1) c6
nghiém X > -4 khim > - 16.

b) 4 nghi¢m phan biét ?

Thay ngay 1a cdc phuong trinh x* + 4x = X, X° + 4x = X, ¢6 nghiém tring nhau khi
va chi khi X; = X;. Do vay phuong trinh da cho cé 4 nghi¢ém phan biét khi va chi
khi phuong trinh (1) c¢6 hai nghiém phan biét X,> X, > - 4.

Cdch 1: Phuong trinh (1) c6 nghiém X > -4 < m > -16
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A'>0
Cach 1. Taphdi c6: {f(-4)>20 <-16<m <9
—i>—4
2a
Cach2: Him s f(X) = X*-2X-15,X > -4 ¢6 f'(X) =2X - 2.

X -4 1
+ o
£'(X) - 0 +
9
+\
f(X) /'
- 16

Bai tap twong tu:
BT1. Giai phuong trinh x* - 2x* - 7x* + 8x + 7 = 0.

HD. Tim a, b: (xz—x+a)(x2—x+b)=x4—2x3—7x2+8x+7.£)af1tx2—x=t
BT2. Cho phuong trinh (x + 1)(Xx + 2)(x + 3)( x + 4) = m.

* Dua phuwong trinh bdc bén dang: ax’ + bx’+ cx’ + bx + a = 0(a +0)
Thay ngay x = 0 khong thoa phu’O’ng trinh.
Chia hai vé cia phuong trinh cho x*:

Phuong trinh d3 cho twong duong : ax’ +bx +c¢ + bl 4 ai2 =0

X X

@a(x2+i2j+b(x+l)+c:0 & a(X*-2)+bX +c=0,
X X

trong d6 X = x + ~ hay x> - Xx + 1 =0, [x]>2
X

VDI1. Giai phuong trinh 2x* + 3x’ - 10x* + 3x + 2 =0.

& 2(x2+i2j+3(x+1)—10=0 ©2(X*-2)+3X -10=0 < 2X*+3X -14=0
X X

<:>X=2,X=—%,trongdc’)X=x+l hay x* - Xx + 1 =0, |X|>2
X
DX=2:x"-2x+1=0=x=1

ii)X:-%:2x2+7X+2:O - ‘”4‘/5

VD2. Cho phuong trinh x* +hx’ - x> + hx + 1 = 0.
Tim h dé phuong trinh c¢6 khong it hon hai nghi€ém am phén biét.
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Giai. @(x2+izj+h(x+l)—1=o o (X*-2)+hX-1=0< X*+hX -3=0 (1), trong d6
X X

X=x+1 hayx*-Xx+1=0(2),
X

X|=22.

Céch 1. Phuong trinh (2) néu |X|>2thi c6 hai nghiém cuing dau. Nén mudn c6
nghiém am thi

-b/la= X <‘0. Suy ra X < - 2. Nhung (1) Iudén ludn ¢6 hai nghiém X; < 0 < X; nén
chi mang vé€ cho (2) dugc X;. Vay X, < -2 <0 < X,. Khi dé6 f(- 2) < 0, f(X) =
X?+hX -3

& 1-2h<0 <:>h>%.

2
Céch 2. (1) & h="—, [x|22
- 3-X? , 3-X* -X*-3
bat f(x)= X, X|22 = f(X)= i <0,]X|>2
X - oo -2 2
+
£'X) : // :
+ o0 - l

f(X) \ 2 / \2\

- o0

Phuong trinh (2) néu |X|>2thi ¢6 hai nghiém cling ddu. Nén mudn c6 nghiém am
thi

-b/a= X <0.SuyraX < -2. Nhung (1) luén Iudén c6 hai nghiém X; < 0 < X, nén
chi mang vé cho (2) duge X;. Vay X; <-2<0<X,. Theo trén: & >%.

Bai tap twong tu:
BT1. Giai phuong trinh 2x* - 5x° + 2x* - 5x + 2 = 0.
BT2. Cho phuong trinh x* + mx® - 2x* + mx + 1 = 0.
Tim m dé phuong trinh ¢6 khong it hon hai nghiém duong phan biét.

1.2. Lam mat cin thirc.
VDL1. Giai phuong trinh x(x + 5) = 23/x* +5x-2-2
Gidi. Dat Jx*+5x-2 =X = X +2=x"+5x
Phuong trinh dicho & X’ -2X+4=0X=-2 =’ +5x+6=0 => x=-2,x=-3
VD2. Cho phuong trinh 3+ x +v/6—x -3+ x)6-x)=m (1)
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1) Giai phuong trinh khi m =3
2) Tim tat ca cic gid tr1 m d€ phuong trinh (1) c6 nghi¢m.

Gidi. bat V3+x+V6—-x=1,-3<x<6 = t'= N ,—3<x<6.
2W3+x 24/6—x
t'ZO(:)—3<x£%
X -3 3/ 2
6
f'(X) + 0 -
2
£(X) /
3
3

Suyra: 3<t <32

2
Ta cé G+x)(6—-x) =— 2_9

Phuong trinh da cho twong duong: t -

-9 2
=m ot -2t+2m-9=0 (%)

VD3. Cho phuong trinh (x—3)(x+1)+4(x—3) X—Jr; =m (1)
\Vr

1) Giai phuong trinh khi m = - 3
2) Tim tat ca cac gia tri m dé phuong trinh (1) c6 nghiém

HD. Dt (x—3) L = (1)
—
= (x=3)(x+D)=¢*,x < -1hoacx >3 (2)
Phuong trinh & t* + 4t =m 3)
1) m=-3: Phuong trinh Q) st +4t+3=0 ot=-1,t=-3.
Thay vao (1):
- ~3<0
#t=-1: (x=3) x+1=—1<:>{x 3<0 @{x A o x=1-+5
xX— (x=3)(x+D =1 x> =2x—-4=0

x=1-+/5 thoa diéu kién x < - 1.
- -3<0
x+1:—3<:) ¥=3<0 = rmos @le—@
x=3 (x=3)(x+D)=9 XX =2x-12=0
x=1-13 thoa diéu kién x < - 1.
2) 3) coOnghiémt & m > - 4.
Xét phuong trinh (x-3)(x+1)=¢*,x <-1hodacx>3
ex?-2x-3 = th,x < -l hoacx>3
Détf(x):xz—Zx-?a,x <-1hoacx >3

*t=-3: (x=-3)
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f'(x)=2x-2

X - o -1 3 + o0

f'x) - | |+

| \OV //‘

vitt 20 ns%n (2) ludn ludn c6 nghién’l.
Cach 2. Néu dung dinh ly ddo vé dau ciia tam thirc bac hai thi véim > - 4.
Xét 3 truong hop khi thay vao (1):

Dt=0: (x-3)

x+l 0 :Phuong trinh c6 nghiém x = - 1.

X
x=3>0 x>3
i) t>0: (1
" ()(&x_3XX+D:”2¢${F03=x2—2x—3—12:0
Théy ngay F(3) = - £ < 0 nén F(x) ¢6 nghiém x > 3.

1< <-1
3i) t < 0: (1) {“ =0 2@{X< 2 2
(x=3)(x+1)=¢ F(x)=x"-2x-3-t"=0

Théy ngay F(- 1) =- t* <0 nén F(x) c6 nghiém x < - 1.

VD4. Giai phuong trinh §/(x+1)> =38/(x—1)? ==2x* —1,n 2
HD. Thiy ngay x = + 1 khong thoa phuong trinh.
Vo1 x #+ 1:

. . X N 2 1 -1
Chia hai vé€ cua phuong trinh cho ¥/x* -1, ta ¢6: p /x—+1—3n‘/x—1=—2 (1)
X— X+

Pit nx+i=t,khidé(1)<:>t —3%+2=0@t2+2t—3=0<:>t=1,t=—3
1=

Dt=1: " 1o Xy Vo nghiém
x—1 x—1

ie=-3 -3 (2
x—1

+n chan: (2) vo nghiém

+nlé:(2) x—+1=(—3)’“ S x+l=(x-1)(-3) & @ +hx=3"-1 x=
P

3" -1
3" +1

1.3. Lam rl}ét gia tri tuyét doi.
VDI1. Tim m dé phuong trinh sau c6 nghiém

X —2)c—m|)c—1|+m2 =0
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HD. bat |x—1| =t>0 = x*—2x=t"-1

Phuong trinh d3 cho twong duong t* - mt + m>- 1 =0 (1)

Phuong trinh da cho c6 nghiém khi chi khi phuong trinh (1) c6 nghiém t > 0.
A=m’-4m’+4=4-3m’

) A=0 = 4-3m’=0 & m=+—: Pyl higmkép t=" = m= —= thoa
i) & m S m 5 (1) c6 nghiém kép 5 N oa
. 2 2
HA>0e-—<m< —:
) N NE
+ (1) ¢6 2 nghiém duong <P >0,S>0 ©&m>1.Suyral <m< \/§ thoa

+ (1) céhainghiémtgéi ddu o P<0 o-1<m<1
+ (1) c6 1 nghiém bang 0 & m = +1. Khi d6 nghiém kia t = m nén m = 1
thoa

KL: -1<m< —
NG

VD2. Cho phuong trinh ‘xz —2x+ m‘ =x-1 (1)

1) Giai phuong trinh khi m = 0.
2) Tim m d€ phuong trinh (1) c6 4 nghiém phan biét.
HD.Diatx-1=t = x*-2x=1"-1

(>0 (>0
! —t-1+m=0 f)=t"—t—-1=-m

Pt(1) @‘t2—1+m‘=t@ o

t=>0 t=>0
[P +1-1+m=0 | [g()=r"+t-1=-m

f'=2t-1,g't)=2t+1

x |0 12 + oo x |0 + oo

f'(x) - 0 + g '(x) +

-1 + oo + oo

0 | — w|
~ 5/4 ,

Vi x = | + t nén mdi nghiém t cho (1) mét nghiém x. Suy ra khdng c6 m thoa
1.4. Lwong giac hoa cac phwong trinh.
VD. Giai phuong trinh x* +/(1-x%)’ = xJ2(- %)
HD.Do1-x"20 -1 <x < 1.Ditx =cost, 1€ [0;7]
Ptrinh d4 cho & cos’¢+sin’f =~/2sinzcost
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& (cost+sint)’ —3sinzcost(sint +cost) =~/2 sintcost (1)
X
\/57

3 X2_1 X2_1 3 2
(1) & X*-3X : =\2 — X +V2X2-3X -2=0

bat sint + cost =X = cos(x—%j= < 2,sintcost=XT.

S X V)X +22X +1)=0 = X —/2,X =2 +1.
Nhung |X|<v2 = X =2,X =1-42.

i) X = V2 sint + cost = V2 o x+dl-8* =2
<:>\/g=\/§_x<:>{1—xz=2—2\/5x+xz
\/E—xZO
@{2)(2—2\/5)6+1=0<:>x:i‘
xS\/E \/5
i) X = 1-42: sint + cost = 1 -2extll-F¥=1-2

el-¥ =1-2-x 1-2 =2-202-21-V2)r+x et ~(=V2)x+1-32=0
1-2-x20 x<1-+2

_1-V2—22-1
) .

1.5. Pai s6 hoa cac phwong trinh lwong gidc, mii, loga.
VDL. Giéi phuong trinh (243 ) (V2445 ) —4

HD. Dit (\/2+\/§)x=t>0 - ( 2—\6)x:%

Pl itrcde C-dt+1=0 o 12243
t

(\/2+\/§) =2+3 x=2
s (e BT R

VD2. Cho phuong trinh (5+2v6 )tanx .\ (5—2\/6)”"” )

1) Giai phuong trinh khi m =4
2) Giai va bién luan phuong trinh (1) theo m.

HD. Djt (5+26)" =1>0 = (5-2V6)" :;

Pt da cho twong duong t+%:m(:)t2—mt+1:0 (1)
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Dm=4: =243 & (5+2J6)  =2+3 o wanx=log,, . (2£3)

S x= arctan[long6 (Zi \/5)}+ kx
’ 2) Ptriph da E:ho c6 nghiém khi va chi khi Pt(1) c6 nghiém t>0 ’
Thay ngay rang, néu (1) co6 nghiém thi c¢6 hai nghiém cung dau. Do vay néu pt (1)
c6 nghiém duong thi ¢6 hai nghiém duong. Suy ra, can va du la:
— 2 — 2 —_ tan x 2 —
{A—m 420 mi\/;i 4(:)(5+2\/8) :mi\/m 4

om>2.Khidot=
S=m>0 2

mEm’ —4

& tanx = IOngaf S x= arctan[logm@

mENm’ —4 J
—— |+krx.
2
2. Céc kiéu dit zxgn phu. ) . )

1.1. Pat mot an phu chuyén phwong trinh vé phwong trinh cia an phu.
VD. Giai va bién luan phuong trinh 3vx—1+m+x+1=23x> -1
HD. Thay rang x = - 1 khong thoa ptrinh.

Pt da cho twong duong véi 3, /x—_1+m: 24‘/)6_1 (1)
x+1 x+1

Pit A/X: —120.Khidé (1) & 32 =2+m=0 (2)
X

Ptrinh da cho c6 nghiém khi va chi khi (2) c6 nghi¢m khong am
Cach 1: Phuong trinh (2) ¢6 2 nghiém trai ddu &m<0
A'>20
Phuong trinh (2) ¢6 2 nghiém khong am < < P>0 < 0<m <1
§$=>0

[OS)

Hai nghiém cua (2) 1a ¢ =

Nhu thé, khi m < 0:

o e13m el 1I=3m_ xed _{1+\/1—3m
3 x+1 3

1£vV1-3m
3

4
M
J =M, =x= '

x+1 3 1+M,
4
. -1 11— - Ji- -
khi 0 <m Sl: e 1:1 1-3m :>x 1: 1+~1-3m :Mlszl M,
3 x+1 3 x+1 3 1+M,
hoac
=1 (1-1=3m ) 1-M,
= =M,=>x=
x+1 3 1+M,

1.2. Pit mot an phu va duy tri 4n cii trong ciing mot phwong trinh.
VD1. Giai phuong trinh  2(1 - x)vVx* +2x-1=x"-2x-1
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HD. Cach 1: Bat Vx*+2x—-1=t> 0= x*+2x—1=1" = x* —2x—1=1"—4x

Pt © 20-x)t=t"-4x & > -2(1-x)t—4x=0
A'=(x+1) = t=(1-x)t(x+) & r=2,t=-2x
t==2x20=>x<0: VX’ +2x—-1=2x & x> +2x—1=4x" =3x* -2x+1=0: VN
t=2:N+2x-1=2 X +2x-5=0=>x=-1%/5

Cach2: Pt & (x- 1)*-2(x - Dx?+2x-1-2=0
VD2. Giai phuong trinh (4x - 1)v/x® +1 =22+ 2x+1

Céch 1: Pgt V' +1=r

Cach 2: Binh phuong hai vé

1.3. Ddt mot an phu va duy tri an cii trong mot hé phwong trinh.

VDI1. Gii phuong trinh x* + x+5=5

HD. Pit Jx+5=y>0= y>*=x+5 (1)
Tt Ptdicho = x*=5-y (2)
Trirting vé () va Q) tacé: v - X =x+y &x+y=0hoicy-x-1=0
. 2 —li\/ﬁ
x=y=0eoy=-x20=2x<0:(l) ex -x-5=0ox= 5

Nhung x < 0 nén x:_l_zm
i)y-x-1=0eoy=x+120 ox >-1:2) o x*-x-4=0
~1£417
X =
2
Nhung x > - 1 nén _1+2\/ﬁ

Céch 2.(Bién ddi Pt vé dang tich)
X+ x+5=5 o2 —(x+5)+(x+Vx+5)=0 & (x+Vx+5)(x—x+5+1)=0
VD2. Giai phuong trinh x* + 1 = 23/2x—1

HD. bit J2x+1=y= y’ =2x+1 (1)
TuPtdicho = x> =2y- 1 (2)

Hé¢ (1)&(2) 1a mot hé df)i xung loai 2.
Cach 2.(Dung tinh chat do thi ctia hai ham ngwoc nhau)

Pt da cho tuong duong XTH =2x-1 (1)

x+1

, y=32x-11a cdc ham sb nguoc cua nhau. Vay nén phuong

X +1 1+ 45
2 2

=x ox-2x+1=0 x=1, x=

Cac ham s6 y=

trinh (1) tuong duong
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VD3. Giai phuong trinh (x> - 3x - 4)* - 3x> + 8x +8=0

HD. Ptrinh da cho tvong dwong (x* - 3x - 4)*- 3(x*-3x-4)- 4- x =0
e (X -3x-4-3(x*-3x-4) =4+ x
Détx2—3x—4:y:>X2-3X:4+y (1)
Tir phuong trinh dd cho suy ray* - yx = 4 + x (2)
Hé (1)&(2) 1a mot hé dbi xtmg loai 2.
4x+9

28

VD4. Giai phuong trinh 7x* + 7x =

PP chuyén vé hé doi xirng logi 2:
- VT bac hai, VP can hai

4x+9

- Nén dat = at + b (bac nhat ctia t dé khi binh phuong thi thanh bac hai)

- Khi dit ta dugc ngay : 7x* + 7x =at + b
Ta phai c6 mot pt moi: 76 + 7t =ax + b

B9 _at+b = x =7a% + 14abt + b’ - 9/4
— ax + b =7a’t® + 14a°bt + 7ab’ - %a
= 7% + Tt
7a’ =1
Ta phai c6: <14a’b=7 :>a=1,b=%

7ab2—2a+b=0
4

Bai tap twong tu:
BT1. Giai phuong trinh 2x” - 6x - 1 = J4x+5
(Thi chon BDT12QB 21/12/2004)
BT2. Giai va bién luan theo a phuong trinh x*+a(2-a*)=23/2x+a(a’ -2)

1.4. Dit hai én phu va dwa phwong trinh vé phwong trinh hai an phu.
VDL1. Giai phuong trinh vx? =3 +v/x” +x=5 =1+/x* + x* —8x> —3x+15
Pua phuong trinh vé dang u + v =1 + uv
VD2. Gidi phuong trinh 27732 4272715 — ] 4 926513
Pua phuong trinh vé dangu + v =1 + uv
1.5. Dit hai an phu va dwa phwong trinh vé hé phwong trinh hai an.
VD1. Giai phuong trinh 4+ x++/5—x=3
HD. Pit Va+x=u>0, J5-x=v20 =u’+v*=9
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Ta c6 hé phuong trinh {MZ =9

u+v=3
Céch 2. Binh phuong hai vé.
Cach 3. Pt f(x) = Va+x+/5-x20 = £ (1) =9+2Jd+0)(5-x) 29 f(x)=3
Dau dang thirc xay ra khi chi khi x = - 4 hodc x = 5.
Cich 4. Pt f(x) = V4+x+/5-x, xe[-4:5]. Khao sit, 1ap bang bién thién.
VD2. Giai phuong trinh 3+ x+v6—x —/3+x)(6-x) =3.

HD. biat 3+x=u>0, V6-x=v>0 =u*+v*=9

2 2 _
Ta c6 h¢ phuong trinh {u =9

u+v—uv=3
2_
Cach 2. bat V3+x+vV6-x=X>0= .3+ x)(6—-x) =XT9

X*-
9:3

Phuong trinh da cho twong duong X —

VD3. Giai phuong trinh Vx+1+2(x+1)=x—1+/1—x +3J1-x°
(TS 10 Chuyén Toan DPHSPHNI, 97 - 98)
Pua phuong trinh vé hé c6 mot phuong trinh tich :
u+28=-v’+v+3uv ou-v+v-3uv+2vi=0
su-v+(v-u)(v-2u)=0

1.6. Dt hai vé ciia phwong trinh cho cing mét én phu.
VD1. Giai phuong trinh  2log,cotgx =log,cosx

HD. bat 2log,cotgx =log,cosx = t ta
, cos’ x=4' cos’ x=4' cos’ x=4'
cosx=2 )
cos” x . 4' 4"
cot’x=3" = A =3 = 51n2x:—t = —[+4’:]
0. cot 0 sin” x 3 3
cos x >0, cot x > . . .
cosx>0,sinx>0 cotx>0,sinx>0 cosx>0,sinx>0
cos’ x=4' 1
cosx =— b4
S t=-1 s 2o x=—+k2w
cosx>0,sinx>0 sinx>0

VD2. Giai phuong trinh  log,x = log3(\/; +2)
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HD. Pit log,x =log, (vx +2) = t , Ta c6:

x=T
x=7 x=T A x=7 49
= = 7 1Y <& =>x=
Jx+2=3 |7 +2=3 (TJ +2(§j 1 |t=2

VD3. Giai phuong trinh J1—-x =+1+x

HD. biat J1-x=+1+x=t > 0, ta c6:

l-x=¢ s
=t 4+t -2=0=>t=1=x=0
l+x=¢t
I1. PHUONG TRINH GIAI BANG PHUONG PHAP POI LAP.
1. Dgng 1. Néu f(x) 2 M, (1) (hay f(x) < M, (2)) thi:
Phuong trinh f(x) = M tuong duong dau dang thic & (1) hay ¢ (2) xay ra.
VD1. Giai phuong trinh tanx + cotx + tan’x + cot’x + tan’x + cot’x = 6.
HD. Phuong trinh di cho < tanx(1 + tanx + tanzx) + cotx(1l + cotx + cotzx) =6 (1)

1 + tanx + tan°x > 0,1+ cotx + cot’x > 0 véi ‘v’xik%

tanx va cotx ciing dau.

Do vay, tir (6) dé ¥ rang vé phai duong, suy ra tanx > 0, cotx > 0.

Theo Cosi: tanx + cotx > 2
tan’x + cot’x = 2 =tanx + Cotx + tan’x + cot’x + tan’x + cot’x > 6.
tan’x + cot’x > 2

tanx=cotx =1
tan x+cotx =2

) ) o {tan* x=cot’ x=1
tan” x+cot  x=2

Phuong trinh da cho twong duong: tan® x = cot® x =1
tan’ x +cot’ x =2

T
tan x >0 (:)tanx=cotx=1(:)x=z+k7r

VD2. Giai phuong trinh x* + y° +%+% =4
HD. bKx # 0,y # 0.
1

1 1 1
Py tS+—=4 o X +—5+y +—=4
Xy X

Ta co: x2+i222, y2+i222 = x2+i2+y2+i224
X X y

Tran Xudn Bang- GV Truong THPT Chuyén Qudng Binh 1 4 Phuong trinh khong mau muc



Phurong trinh khéng mau murc Tran Xudn Bang- GV Trieong THPT Chuyén Qudng Binh

2 2 21

X +y =2 x’=y

Phuong trinh da cho twong duong voi: {1 1 S411 & nghiém cua
27 =2 7+7=2
phuong trinh da chola (1; 1), (1;- 1), (-1; 1), (- 1;- 1)

2. Dang 2.
Phuong trinh : {f(x) = &) & {f(x) =M
fOSM<g(x)  |gn=M
VDI1. Giai phuong trinh  4(x>- 2)(3 - X°) = (2x—=+/5)> +1
HD. (x>-2)3-x)>0 & 2<x*<3 = 3-x">0, x>~ 2> 0. Theo Cosi:

x2—2+3—x2j2 1

(x2—2)(3—x2)é( > =Z:4(x2—2)(3—x2)él

Mit khiac (V2x—/5)>+1 > 1

A -2)(B-x)=1 | -2=3-% 3
54 5 S X =,

(V2x—5) +1=1 |x=,2 2

Phuongtrinh da cho twong duong: {
2

VD2. Giai phuong trinh  Vx-2++/4—x=x"-6x+11
HD. bK 2 <x< 4.Tacé:
Vi-2+V4-x<\2(x—2+4-x) =2, x*—6x+11=(x-3)>+2>2

Phuongtrinh da cho twong duong: { Vx=24N4-x=2  _,
(x=3)*+2=2
3. Dang 3.
f)+g(x)=M+N )
Phuong trinh : { f(x)<M,g(x)<N N {f(X)—M
gx)=N

(hay: f(x)2 M, g(x)2 N)
VD1. Giai phuong trinh —0— + % —28_4Jx—2—[y1

+
vx=2 Jy-1
~ 36 4
HD. Pt da cho & ——+4Vx—-2+—=+y-1=28 (1
Vx=2 * Jy-—1 Y (1)
36 4
———t+4x—22>24, +y—-1=24
Vx=2 * Jvy—1 Y
Nhu thé (1) twong duong:
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SELRAN o S0 VIR B S o

Nx—-2 x=2 x=11
4 1 4 “ly=s
+y-1=4 =y-1 r=
Jy—1 y—1

1 1
VD2. Giai phuong trinh €083X -1 + cosx,|— -1 =1
cos3x COSX

HD. Pt da cho twong duong:

/1 - c0S3x /1 - COSX

cos3x,[—— + cosx =1
cos3x COSX

DPK: cos3x > 0, cosx > 0.

PT(:)\/cos3x(1 - c0s3X) +\/cosx(1 -cosx) =1 (1)

Ta d3 biét rﬁng a(l -a) si,Va. Suy ra: 0 < cos3x(1 - cos3x) < i
1
— \/ cos3x(1 - cos3x) < 5
1
Tuong tu \/cosx( I - cosx) SE
Nhu thé Ptrinh
\/cos3x(1 -cos3x) = % Ccos3Xx = % 4cos’X - 3cosx = %
< 1 < < : VO nghiém
\/cos3x(1 - C0S3X) = — COSX = — COSX = —
2 2 2
4. Dang 4.
fi(x0)=0
Phuong trinh : {ﬁ<x>+f2(x>+m+f"(x) "0 [0
[i(x)20, f,(x)20,..., f,(x) =0 |
f,(x)=0

VDI1. Giai phuong trinh x* - 2xsinxy + 1 =0
HD. Pt da cho twong duong: (x - sinxy)” + 1 - (sinxy)* =0

sinxy =1 siny=1
x—sinxy=0 X =sin xy x=1
= S = = =
sin xy = %1 {sinxy =-1 {sin(—y) =-1 x=-1
x=-1

x=1
1-sin® xy =0

x=-1
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VD2. Tim tat ca cic cap sb thuc (x, y) thod man :

X* +2y? -2xy-2x +4y+2=0

(Thi HSG L9 Quang Binh 2007 - 2008)

HD. Tacé: x* +2y° -2xy-2x +4y+2=0
ex’-2(y+1)x+2(y+1)=0 (1)
Xét phuong trinh bac hai (1) an x va y 1a tham s
Tacé: A =(y+1)°=2(y+1)> =—(y+1)* <0, Vy
Do d6, phuong trinh (1) ¢6 nghiém x khi va chi khi
A=0—(y+1) =0 y=-1
Khi d6 phuong trinh (1) ¢6 nghiém kép x = 0.
Vay cdp so (X,y) cantimla (0, -1).
Ghi chii: C6 thé giai bai todn bang cich dua vé dang A +B* =0
x> +2y? -2xy-2x +4y+2=0o (y-x+ 1) +(y+1) =0

III. PHUONG TRINH GIAI BANG PHUONG PHAP DU POAN NGHIEM
VA CHUNG MINH KHONG CON NGHIEM.
Phuong phap gom hai budc:
1. Dy doédn nghiém, thtr vao phuong trinh.
2. Chtrng minh khong con nghiém.
VDI1. Giai phuong trinh 3"+ 4*=5"
HD. Budrc 1. Dy dodn: x = 2 1a nghi¢m
Chtng minh: 3° + 4= 5%,
Budc 2. Chung minh khong con nghiém ntra.

That vay: Pt tuong duong voi @j +(%) =1
ok A C(3Y (4Y (3 (4Y . ia 7
i) Néu x > 01) Néu x > 0 thi 5 +§ <3 +§ =1: Khong thoa pt.

x X 2 2

ii) Néu x > 0 1) Néu x < 0 thi @ +(§j > @ +@ _1: Khong thod pt.
VD2. Gidi phuong trinh  2°** +2*° +1956" =49
HD. Budc 1. Dy dodn: x = 0 1a nghi¢m

Chtng minh: 2%+ 2° + 1956° = 49 .

Budc 2. Chiing minh khong con nghiém nira.

That vay: Néux 20thix*>0,x*+4>4,x+5>5
= 2 520 216,27 > 2° =32,1956" >1956° =1
= 2" 4275 11956" >16+32+1=49
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VD3. Giai phuong trinh 20" +9"* +1956" =1985
HD. x = 0 1a nghiém
x#20= xX*>0= 1-x<1 = 207 <20, 9" <9, 1956 <1956
= 20" + 9" 4+ 1956 <1985

VD4. Giai phuong trinh 19" +5 +1890" =3
HD. x = + 1 la nghiém

1<x<1l=1-x">0 =19 +5" +1890" >19°+5°+1890° =3

x<-lhoic x>1 = 1-x<0 =19 +5 +1890" <19° +5° +1890° =3
VD5. Giai phuong trinh /x> +28 +23/x> + 23 +Vx—1+/x =+/2+9
HD. x = 1 1a nghiém
VD6. Giai phuong trinh 3/x* +26 +3vx +v/x+3=8
HD. x = 1 1a nghiém
VD7. Giai phuong trinh |x—2007|
HD. x = 2007, x= 2008 1a nghi¢m

i) x <2007 = x - 2008 <- 1 = |x—2008/>1=>|x-2008"" >1

1956

1956 1981
=1

+|x—2008|

1981

=|x—2007] " +|x—2008] " >1

1956

ii) x > 2008 = x-2007>1 = |x—2007|>1=|x—2007| " >1
= |x=2007]"" +|x-2008 " > 1
iii) 2007 <x <2008 = 0<x-2007 <1 = |x-2007| = x - 2007
[x=2007| <1 = [x=2007]""" <|x~2007| = x—2007 (1)
Tuong ty: - 1 <x - 2008 <0 = |x—2008| =2008 - x
x—2008] <1 = |x—2008™ <|x—-2008| =2008 - x (2)
Tu (1)&(2) suy ra: = |x—2007]" +|x-2008"" <1

IV. BIEN LUAN SO NGHIEM PHUONG TRINH BANG PHUONG PHAP
PAO HAM.

VDL1. Bién lusn theo m sé nghiém phuong trinh vx* +4x+m+¥x* +4x+m =6

HD. Dbat Vx*+4x+m=t>0

Ptdicho ot* +t-6=0 o t=2, t=- 3(loai)

Taco Yx* +4x+m=2 x*+4x=16—m (1)

Pt da cho c6 nghi¢m khi va chi khi pt(1) c6 nghiém.

Pat f(x) =x* + 4x, x € R.

f'x)=4x+4
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X - o -1 + oo
f'(x) - 0 +

+ o0 + oo
f(x) \ : 7

Tacé két qua: i) 16-m<-3 < m> 19: V6 nghiém.
i) 16-m=-3 © m=19:x=-1.
iii) 16 - m > - 3 & m < 19: Hai nghiém phan biét
VD2. Bién luan theo m s6 nghiém phuong trinh  x+m=m+ x> +1
HD.
x =0 1a nghiém v61 moi m.
x # 0: Ptdacho xzm(\/x2+1—1) -2 o

VXt +1-1

bat f(x)=———,x %20
Nxi+1-1
X +l-1-x f | )
f'x)= X+ _ VX F <0,x#0

X - o 0 + oo
f'(x) - +
1 + oo
f(x) ~ ~
- oo 1

Tacékétqua: )m= 1 & x=0.
i)m # 1 & x=0val nghiém khéc.

Bai tap twong tu:

BT1. Ching minh rang néu n 1a s ty nhién chin va a 12 mot s6 16n hon 3 thi
phuong trinh sau vo nghiém: (n + Dx"*?-3(n +2)x"* ' +a" "> =0

BT2. Tim k dé phuong trinh sau c6 4 nghiém phan biét:

x*-4x’+8x -k =0.

Giai phuong trinh khi k = 5.

BT3.Cho 3 < neN. Timnghiém x e (0;%) cua phuong trinh:

2-n
cos" x+sin" x=2 2
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Chd y rang, bai todn nay Tran Phu’ong c6 mot cach giai khac cach 1ap bang bién
thién ctia ham sd, mot céch giai day " an twong":

n n(2-n) 2-n
. 2 Tn . ,
sin” x+sin” x+2 2+ 2 2>n\/2 2 (sm"x) =n2 2 sin’x Trong 2 vé tréncén - 2
+

n
n n(2-n) 2—-n "9 2
nemn) 2 = hang ter 2
cos” x+cos" x+2 2+ 2 2>n\/2 2 (cos”x) =022 cos’x L8
L 2 2
= 2(sin" x+cos” x)+(n—2).2 2 >n.2 2 (sin”> x+cos’ x) =n.2 2
Zn
=sin" x+cos" x=>n.2 ? (1)

Pé ¥ rang sinx > 0, cosx > 0. Dau ddng thitc ¢ (1) xay ra khi chi khi cosx = sinx

Iz
& x=,—.
4

V. BIEN LUAN PHUONG TRINH VA HE PHUONG TRINH BANG CACH
XET CAC DAU HIEU CAN VA bU

VD1. Tim tt ca cdc nghiém nguyén ctia phuong trinh
C+x+124x+1=36

HD. Pt da cho & 12Jx+1=36-x—-x’

¢ Diu hiéu cin: x = 0 12 nghiém thi {HIZO , @—13x3ﬂ<6

36—x—x"20 2
x nguyén nén x € {0,1,2,3,4,5}
e Déau hi¢u dii: Thir vao Ptrinh thiy x = 3 thoa. ,

VD2. Tim tat ca cic gia tri m dé phuong trinh sau ¢6 nghi¢m duy nhat
oM +|x| =\/m+x2 +m

HD. . pfiu hi¢u cin: Thay x 1a nghiém khi va chi khi - x cing 1a nghiém.

Vay, can dé Pt da cho c6 nghiém duy nhatlax=-x = x=0=>m=0

e D4u hi¢u dii: Khi m = 0, Pt da cho tr& thanh 2 +|x| = \1-|x] + °
Thay ngay x = 0 14 nghiém.
Voix = 0: DK cua ptrinh dd cho 1-[420 < -1<x<1= 422" (1)

>0=2">2"=1> [I-]x] (2)
Tir (D&(2)suy ra 2 +[x] > J1-[x] +x°
Nhu thé x = 0 12 nghiém duy nhat. Vay m =0 tho. ,
VD3. Tim tat ca cac gid tri m dé phuong trinh sau c6 nghiém duy nhat
Va—x+\5+x=m
HD. ¢Diu hiéu cin: x la nghiém < Ja—x+/5-x=m
& JA-(-1-0)x+5+1-x)=m
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< -1 -x1anghiém
vay, can dé Pt dd cho c6 nghiém duy nhatlax=-1-x & x=- %: m = 32
o Diu hiéu dii: Khi m = 32 pt da cho tré thanh 4 —x +/5+x =32
Giai Ptrinh nay thay c6 ding mot nghiém x = - % Suy ram = 3v2 thoa.

VD4. Tim tit ca cic gid tri m dé phuong trinh sau c6 nghiém duy nhét
Yx+1—x+Jx+1-x=m.
HD. ¢+ Diu hiéu cin: x langhiém & Yx+¥1—x+/x+V1-x=m
e YN-x+il-(1-x) +Jl-x+/I-(1-x) =m
< 1 -x1anghiém

vay, can dé Pt dd cho c6 nghiém duy nhatlax=1-x &x = l

L Ly L LR N L N BN AN

o Diu hiéu dii: Khi m = \/;+\/§ pt da cho tré thanh:
{‘/;+41—x+\/;+\/1f=\/ﬁ+\/§
Taco {x+di-x < [2(Va+i-x) <220+ 1-0) =\242
Jr+l=x < 2(x+1-x) =2
Yr=t-x
NEEN

Nhu thé Pt twong duong véi { r=11a nghiém duy nhat.

Suy ra m = 22 ++/2 thoa.

VDA5. Tim tit ca cédc gidtria dé hé phuong trinh sau ¢6 nghi¢ém v&i moi b

{(x2 +1) +(p7 +1) =2

a+bxy+x’y=1

HD. ¢ Diu hiéu cin: Hé c6 nghiém v6i moi b thi c6 nghiém véi b = 0.
2 4

Khi d6 hé tro thanh |1° +1) =1 @

a+x’y=1 (2)

Tu(l)suyrax=0thiatuy y.Tu (2)suyraa=1
Ciling tr (1) suyrax =0 thia=0.
e Dau hi¢u du:
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i) a=0: hé tro thanh {(bz Hy =t 0
bxy+x’y =1 “4)
Khi b=0: (3) = y =0 khong thoa (4). Suy ra a = 0 khong thoa.
y
ii)a=1:hé tré thanh {xz Hpr+l) =1 @)
bxy+x’y=0 4)
Khib=0thi (4) @x=y=0 thoa (3) véi moi b. Suy ra a =1 thoa.
Bai tip twong tu:
BT1. Tim m dé phuong trinh sau cé nghiém duy nhét: 3+ x+/6—x=m
BT2. Tim a dé hé sau c¢6 nghiém duy nhat:
{2)‘ +|x| =y+x’+a

x2+y2=1

BT3. Tim a dé hé sau c¢6 nghiém duy nhat:
ax’+a-1= y—|sinx|
{tan2 x+y’ =1
BT4. Tim a dé hé sau c6 nhiéu hon 5 nghiém:
=y +a(x+y)=x—y+a
{xz +y>+bxy—1=0
BT5. Tim x dé phuong trinh sau nghiém ding véi moi a:

logz(azx3 —5a°x* —NJ6—x)= logm2 B-vx-1)

VI. BIEN LUAN NGHIEM CUA PHUONG TRINH BANG PHUONG PHAP
DUNG MIN, MAX.

e Vi f(x) lién tuc trén D, phuong trinh f(x) = m c6 nghiém khi va chi khi m
thudc tap gid tri cua f(x).

e Vé4i f(x) lién tuc trén D thi dat gid tri 16n nhat va nho nhéat trén D. Khi d6
phuong trinh f(x) = m c¢6 nghiém khi va chi khi:

migl f(x)<m<max f(x)

VD1. Tim tat ca cdc gid tri m dé phuong trinh sau c6 nghiém

\/x2+x+1—\/x2—x+l =m
HD. Dt f(x) = Va2 +x+1-vx*—x+1,X €R.

, , _ 2x+1 2x—1
Cach 1.17) = \/x2+x+1 _\/x2 —x+1

=2x+120,2x-1<0=1'(x)>0

<XK<

| =
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ox>%:f'(x)>0(:> 2t 2l oy

\/x2+x+1 \/xz—x+1

- 2x+1)? . (2x-1)*

> > o x+D)*(xP=x+D>2x-D)* (P +x+) x>0
X +x+1 x —x+1

Véyx>% — f'(x)>0
2x+1 2x—1

>
il +x+1 P —x+1

ox<—%:f'(x)>0<:>0>

o Qxt)’  (2x-1p

> 1 > 1 & 2x+D)’ (P —x+D)<2x=-1D)*(x*+x+]) &x <0
X +x+1 x"—x+

Vayx<—%:f‘(x)>0

Mt khdc lim f(x) =lim NE 2% NE — lim 2x
X +x+l+vVx"—x+1 |x| 1+l+i2+|x| 1_l+i2
X X X X
lim 2 =1
\/1++12+\/1—1+12
= oA v — Tap gia tri cia f(x): (- 1; 1)
. 2x
lim =-1
—\/1+1+12—\/1—1+12
X X X X

Suy ra, phwong trinh c6 nghiém khi chi khi-1<m< 1.

, 2|x| 2|x|
Cach 2. |f(x)|= = =
|fx| i x+1+0x% —x+1 +1 2+3+ 1 2+3
SR G
— 2|x| 2|X| :H:Ij |f(x)| <1
1 [ )
X+ —|+x—— x+§+x——

Dau dang thirc ¢ (1) khdng xay ra vi ddu dang thirc & (1) chi xay ra khi va chi khi:

x=0 (D)
x= 0v(x+%j[x—%) >0 (2) : Hé nay vo nghiém do (1) va (3).
x#0 (3)
Suyra |[f(x)] <1 & -1<f(x)<1.
lim f(x)=1
Mat khac: {7 va f(x) lién tuc trén R nén Tap gia tri caa f(x): (- 15 1)
hlg f(x)=-1

Tran Xudn Bang- GV Trieong THPT Chuyén Qudng Binh 23 Phirong trinh khong mau myc



Phurong trinh khéng mau murc Tran Xudn Bang- GV Trieong THPT Chuyén Qudng Binh

VD2. Tim tét ca cic gid tri m dé phuong trinh sau c6 nghiém

V3+x+V6—x=m
HD. bat f(x) = V3+x+v6—x, X €[-3;6].

Cach 1. f'(x) =

2 2
— , V -3:6).

NV3+x N6—x XE( )

F'(x) 2 0 e x s%

f(-3)= 3,f(6)=3, f (gj = 342, f(x) lién tuc trén [-3;6]

= min () =3, max £ (x)=3v2

Cach 2. f(x)<23+x+6-x) =32, diu déng thirc xay ra khi chi khi x=

Mit khéc f(x) > 0, x €[-3:6], (f(x))’ =9+/(x+3)(x—6) 29 & f(x) >3, ddu dang thirc

xay ra khi chi khi x :% . f(x) lién tyc trén [-3;6]

| W

Suy ra = min f (x) =3, max f (x) = 32,
VD3. Tim tat ca cdc gid tri m dé phuong trinh sau c6 nghiém

V3+x—-vb6—x=m

2 2
T+x+ r_x>0, VX e[-3;6].
f(-3) =- 3, f(6) = 3, f(x) lién tuc trén [-3;6] = F_giaf(x) = —3,Ig}fg]<f(x) =3

HD. f'(x) =

Suy ra, Pt da cho c6 nghiém khi va chi khi -3 <m<3.

VD4. Tim tat ca cac gid tri m dé phuong trinh sau c6 nghiém
sinx + cosx

2sinx + cosx + 3

o sinx + cosx
HD. Daty = —
2sinx + cosx + 3

Vé&i moi x: 2sinX >-2, cosx =—1=>2sinx+cosx>-3 (ddu dang thirc khong xdy ra
vi sinx va cosx khong dong thoi nhan gid tri - 1)

Suy ra 2sinx+cosx+3#0,Vx = TXD: R.

Ta tim tap gia tri ciia ham so:

sinx + cosx

y la mot gid tri thudc tap gid tri < phuong trinh y = c6 nghiém.

2sinx + cosx + 3

Ptrinh y = ,Sinx TCOSX o, (2y - D)sinx + (y - 1)cosx + 3y =0
2sinx + cosx + 3

Ptrinh nay c6 nghiém khi va chi khi 2y - 1)* + (y- 1)* > 9y & 2y> + 3y - 1<0
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—3-17
=

4

3+:17

4

<y<

Suy ra, tap gid tri cua y: {

—3—\/ﬁ.—3+\/ﬁ}

4 4
Bai tip twong tu:

BT1. Tim m dé phuong trinh sau c¢6 nghiém Vx> +x+1+vx> —x+1=m.
2cos’ x+sin2x "
2sin2x+3cos2x—5

VIL. PHUONG PHAP TOA PQ VA HINH HQC
2 2 _
VD1. Cho hé phuong trinh {x ty =2lta)

BT2. Tim m dé phuong trinh sau ¢6 nghiém

(x+y)' =4
1) Gidihé khia=1.
2) Tim tat ca cdc gid tri cua a dé hé c6 ding hai nghiém.

2 2 2 2 _
HD. Céch L. {x +y —2(1+a)@{x +y>=2(1+a)

(x+y) =4 (x+y=2)(x+y+2)=0

X +y>=2(1+a) ¥ 4+Q2-x)°=2(1+a) X =2x+1-a=0 (D)
x+y-2=0 y=2-x y=2-x (2)
= (= =
X +y>=2(1+a) P 4+Q2+x)=2(1+a) ¥ 4+2x+1-a=0 3)
| (x+y+2=0 | ly=—2-x L y=—2-x 4)
(x> —2x=0 x=0vx=2
ol L y=2-x y=2-x
1) a=1: H¢ da cho tro thanh <
¥ +2x=0 {x:O\/x:—Z
i y:—2—_x y=—2—x

Suy ra 4 nghi¢m (0; 2), (2; 0), (0; - 2), (- 2; 0).
2) H¢ c6 ding hai nghiém.
Nhan xét réng (1) va (3) c6 cung biét s6 A'=a. Suyraa >0
e a>0: M6i phuong trinh (1) va (3) c6 2 nghiém phan biét, trong khi tir (2) va
(4)tacéd2-x # -2-xvdi VX nén hé cé it nhat 4 nghiém. Suy ra a > 0 khong thoa.

e a=0: H¢ (1)&(2) c6 nghiém (1; 1), hé (3)&(4) c6 nhiém (- 1; - 1). Vaya=0
thoa.
Cach 2 (PP Hinh hoc).
Thay ngay a >0. Trong hé toa do Dé-cic Oxy:
Xem Pt x*+y*=2(1+a), a >0 1a Pt duong tron (O, R), R = \/2(1+a)
Xem (X +y)’ =4 o (X +y - 2)(X + y + 2) = 0 1a phwong trinh hai duong thang:
A:x+y-2=0,A,:x+y+2=0
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Hai duong thang nay dbi xing nhau qua O.
Pt ¢6 ding hai nghiém < A, t1ep xtc véi (O, R)(do d6 A, cling tlep xuc voi (O, R))

=d(0, A)=R %:sza) oa=0,

—a=0
VD2. Cho hé phuong trinh {”"y “

X +y —x=0
1) Tim tat céa cdc gidtricuaa dé hé c6 hai nghi¢m phan biét.
2) Goi hai nghiém 1a (x,;y,), (x,; y,) 1a hai nghiém. Chirng minh rang:
(x,- Xz)2 + (y- Y2)2 <1
HD. 1) Trong h¢ toa do Bé-cac Oxy: q
Xem phuong trinh X + ay - a = 0 1a phuong trinh duong thang d.

Xem phuong trinh x* + y* - x = 0 1a phuong trinh dudng tron I(% ;0), R= % .

Hé c6 hai nghiém phan biét khi chi khi dudng thang cat dudng tron tai hai diém
phan biét

——a

2

Ji+a®

2) Goi A, B 1a cdc giao diém cua dudng tron I(%; 0) va duong thang d. Khi d6

‘ 1

ed(,d <R & <%=> 1+a* >|1-2d| & 1+4’ >4a2—4a+1(:)0<a<%

Ax;;y,), B(x,;y,). AB la mot day cung cua duong tron nén AB < 2R =1.
Pé y rang AB = (x,-x,)* + (y,-y,)*. Ta c6 dpcm.
VD3. Giai phuong trinh [Vx? —4x+5 —/x* —10x+50

=5

=5 (1)

Trong hé toa do Oxy, chon M(x; 0), A(2; 1), B(5; 5).

(1) & |AM -BM|=AB < A, B, M thang hang va M ¢ ngoai AB.

Mit khéc A, B & vé cling phia ddi voi Ox. Suy ra M 1a giao diém cua dudng thang
AB, ki hi¢u (AB) V(’yi Ox

y—1
=—¢:>4 2)=3 1
LS5 T S A -D=30-D

HD. Ptrinh twong duong ‘\/(x—z)2 +1? —\/(x—5)2 +5°

Hoanh d¢ giao diém véi Ox: y=0 = x = 2

VD4. Gidi phuong trinh 22 —2x+1+42x* = (3= Dx+1+2x" + B+ Dx+1=3.
HD. Phuong trinh da cho tuong duong:
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m+\/[x?]2+(x+%j2+\/£x+§]2+(x+%j2 =3 (1)

Trong mat phéng Oxy, chon A(0; 1), B(?; - %), C(—g; - % .

Khido, (1) e MA+MB +MC=3 (2)

Thay rang tam gidc ABC déu, tim O vAOA=0B =0C = 1

(1)suyraMA+MB +MC=0A+0B+0C (2)

Ta biét rang: Néu tam gidc ABC déu tdm O thi moi diém M thudc mit phang tam
gidc déu c6 MA + MB + MC > OA + OB + OC. D4u dang thirc xay ra khi va chi
khi M = O.

Suyra(2) &M =0 <x=0.

VD5. Giai phuong trinh xv/x+1++/3—-x =2vx+1.

HD. Pit u=(x;1), v=x+L/3-x).

Tacéd: uv = xJx+ 3—x, |u.]v| =
Phuong trinh di cho twong duong véi uy = ‘QHQ‘ & u,v cling chiéu.

2
/ ) = 1
x+1220¢:{x(3 x)=xt ¢$x=1vx=1+J§

0<x<3

x+1

- = N x
u,vcung phuong < 1= 5
- X

VD6. Giai hé phuong trinh:

I+ x 14X + o+ T+ X0 —1980,/1320
1979
,/l—xl +«[1—X2 +...+«/1—X1980 =1980 @

HD.

it a; = (Ji+xsfl-x) = fal=2a=102,
Mat khac Za —(\/1+X1+ +\/1+x1980’\/1 X+ +y1- 'x1980)
Y _\/(m+ +~/1+x1980) +((\/1_X1+---+\/1_XI980) ) =

Za
=+/1980.1981+1980.1979 =1980~/2  (2)
Tu (1)&(2) suy ra céc véc to a,(i =1,1980) cing phuong, cing hudng, cling do dai.

£ 1
Nhu’ the X1 =Xy = ... X1980 = 1/1+x, =«11+x2 \/1 Xiogo = lzs

b
1980

=1980~/2 (1)

= X1 =Xy =...X1980 =
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IX. CAC PHUONG TRINH KHAC.
VD1. Cho céc s0 thuc a, b, ¢ va s0 nguyén duong m thoa:
a b c
+ +—=0

. m+2 m+1 m
Chting minh rang phuong trinh ax” + bx + ¢ = 0 (*) co nghiém xe (0; 1).
HD. (S dung dinh 1y Lagring). V6i ham s6 f(x) xac dinh lién tuc, kha vi trén [a;
b] thi ton tai ¢ thudc (a; b):

b)—
f'(c):f() f(a)
b—a
bat f(x) = (g D ymer Cm ,Xxe [0;1]
m+ 2 m+ 1 m
f'(x) = ax™"' +bx™ +cx™'
Ton tai xg € (0;1): f'(xg) = ax™ ' +bx™ +cx™' = f(ll)-(f)(O) _
= a + b +£=0

m+2 m+1 m
=0 & xg"l(ax§+bx0+c):O

m+ 1 m - 1

ax, = +bx, +cx,
& ax, +bx, +c=0
VD2. Cho a > - 6. Giai phuong trinh:
xt=10x" =2(a-Dx* +2(5a+6)x+2a+a* =0
HD. (Xem vé trai la tam thirc bic hai ciia tham s6 a)
a’ —2a(x* =5x—=D+(x" =10x> +22x* +12x) =0
A'=(x-D)*=a=(x"-5x-D*(x-1)
Suy ra hai nghiém: x> - 6X va x* - 4x - 2
Phuong trinh da cho tuong duong: [a - ( X2 - 6x)][a- (x*-4x-2)] =
x*—6x—a=0
=
¥ —4x-2-a=0
Doa>-6 =A,'=9+a>0, A,'=6+a>0. suy ra cdc nghi¢m cua pt da cho:
x=3%a+9, x=2%a+6
VD3. Cho hé phuong trinh:
ax’ +bx+c=y
ay’+by+c=1z, trong d6 a#0, (b—1)>—4ac<0.
az’ +bz+c=x
Chl’Ing minh hé phuong trinh trén v6 nghiém.
D. (Chirng minh phan chirng)
Khong mat tinh tong quat, gia sir a > 0.
Gia st hé c6 nghiém (X, Yo, Zo). Khi d6:
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ax; +bx, +c=y, (1)
ay, +by, +c=z, 2)
azg +bzy+c=1x, 3)

Cong tung vé (1(2)(3) ta co:
[axg +(b=D)x, +c |+[ ays +(b=Dy, +c |+ az; +(b-Dz,+c =0 (4)
bat f(t)=at> +(b-t+cthi (4) o f(Xg) + f(yo) +f(zg) =0 (5)
Do a#0, (b—1)*-4ac<0. = af(t) >0, Vt.
Via>0nénf(t) >0, vVt = f(xo) >0, f(yo) >0, f(z9) > 0. Trai vdi (5).
Vay, h¢ da cho v6 nghiém.
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